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Technical Note: Comparison of boundary e[ement and
finite element methods for linear stress anaIysis –
technical program results

ARTURO 1. WANDERLINGH

Specialist Applied Numm”cal  Amrlysis,  Applied Mechanics Group, Hamilton Standard,  Division of
Um”ted  Technologies Clwporation,  Windsor Lo:ks, CT 06096, USA

INTRODUCTION

Over the years, engineering organisations have become
irtereasingly  dediated to improving productivity y through
the use of high-speed computers, computer-aided design. .

manufacturing (CAD/CAM) techniques and computer-
‘~_~ analysis methods such as the Finite Element Method.

Despite the analytical method’s substantial impact on pro-
ductivity,  three limiting factors persist:  (1) the difficulty in
identifying connectivity errors, particularly in 3D models,
(2) the need to discretize  the entire volume of a structure,
and (3) the density of the mesh needed to obtain accurate
surface stresses.  A numerical technique which has a
potential for elirniiting these shorteotigs is the Bourtd-
aty Element Method.  The purpose of this paper is to dis-
cuss the results of a technical program conducted at
Hamilton Standard,  comparing the Boundary Element and
Fbdte  Element Methods for two- and three-dimensional,
linear structural analyses.

APPROACH

Three Cksses of linear, static,  room-temperature stress
applications were analyzed:  2D axi.symetric (body of
rew+’tion)  stress, 2D plane stress, and 3D stress.  The use-
f,.? of the Bounda~  Element Method for these

<&tions  was determined in the categories of modela
generation  time,  analysis solution time, solution conver-
gertee and data reduction. The boundaty  element program
BEASY*j  an in-house finite element program,  and MSC/
NASTIUN  were used to perform this study.

MODEL DESCRIPTION

2D axfsymm~k  stress  -
Both the barrel  and cover of a typical actuator were

eonstsucted;  see Fig 1. The actuator barrel consists of 350
four noded quad~aterd  elements and the cover consists of
529 elements.  The appfied bounda~  ~nditions are also
shown in this figure. The bound~ element models of this
structure are shown in Fig- 2. Twenty<  i&t quadratic
boundary elements represent tie barrel and 64 elements
define the cover.
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Figure 1. Actuator finite e[emenr  models ‘

2D pIane  stwss –
An internal spur gear tooth was modeled for this case;

see Fig. 3. The gear tooth model eonsiats  of 1,060 four
noded elements.  A po”mt load was applied to the tooth
pitch diameter and the tooth boundary was completely
constrained.  The bounda~  element model, s h o w n  i n
Fig. 4. consists of 41 quadratic elements.

3D stress –
one-eighth  of a tltick walled cyhnder was selected for

the 3D anaysis; ~e Fig. 5. The fiite element  model shown
consists of 240 ~e~ strain elements and is subjected to an
internal  pressure of 100” psi. The bounda~ element model
shown in Fig. 6 consists Of 12 quadratic discontinuous
elements.
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Figure 2. Actuator boundmy  element models

‘ - - - Fixed boundary
Fwe 3. Fw”te  element model of internal spur gear tooth
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figure  4. Bounahy element model of infernal  spw  gear
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Axisymmctric  analysis  –
A comparison of the boundary element and finite ele-

ment surface stress for the actuator barrel is shown in
Fig. 7. The maximum boundary element stress is 9%
lower than the finite element solution.  The boundary
element stresses shown  represent mesh point average
values. V/hen the difference between element stress con-
tributions at a mesh point is 20%. or greater, the BEASY
program warns the analyst that a mesh refinement is re-
quired. Several boundary stress values, including the peak
stress,  were identified as having a mesh point average of
20% or greater.

Surface stress results for the cover are shown in Figs. 8
and 9. The boundary element model in the vicinity of

Symm nts

L  Symmetrj  p l a n e

Figure 5. Finite element model  of a thick wall cylinder
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Figure 6. Boundary element cylinder model
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Figure  8. A.~tuator  cover surface stress
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Figure 9. Actuator cover Suflace  stress
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Figure IO. Tooth filIet &face stress

point D, shown in Fig. 8, would requke a mesh refinement
to obtairr correlation with the ftite element solution.  To
better dctetie the stress between points A and B,
shown in Fig. 9, a mesh refinement was made for both the
ftite element and bounda~  element mdels. While the
refined boundaty  element peak stress (14 KX) iS sub-
stantially lower than the refined fiite element peak stress
(19 KSI),  the boundary element mesh point average stress
solution indicates that the true peak stress may be signifi-
cantly higher (=27 ICI).

Pkme slrcss  a~lysi~  _

Surface stresses, along with tooth fillet, are shown in
Fig. 10. The boundary element peak stress is s~. hieJler
than that of the finite element results. These results were

also compared to a modified Heywood Method, described
in ref. 2, which is based on photo+lastic  tests. The ~~
boundary element stress is 15% higher than the strength of
materials method.

A further comparison was made of the internal stresses
obtained from both the Finite Element and Boundary
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M o d e l Solution 1
g e n e r a t i o n Lines ofAnalysis timeMethod time (min.) input CPU (see]

Internal spur FEM 60 130 “18
gea’r tooth BEM 20 33 19

Actuator FEM 40 57 9
barrel BEM 10 36 12

Actuator FEM 40 73 32

I cover I BEM
I 15 I 61 33

Fi@re  12

In-House  FEM Code - MSC/NASTRAN  — CQUADS
FOUR NODEn  QUADRILATEW EICHT NODED  QUADRII.ATESAI.

Figure 13
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o 133 -100 1.63E-7
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figure 15 . .

Element Methods; see Fig. 11. ThetwometJrods  correlated
very well.

2D modelrhgartd  sdsriott  titrte –
Modeling and computer  solution times are summarized

for the axisyrnrnetric  and the plane stress models in Fig. 12.
AU the analyses were performed on an IBM 3084 computer.
The computer times listed are for the original models
analyzed. The average modeling  time using the BEASY
preprocessor was approximately tiee times faster than
the ftite elernint  modeling time. However,  the Boundary
Element Method,  on the average, used approximately
twice as much computer time than the Fhdte Element

(ethod.

w 2D convergence -

Sewed additional models  of the internal spur gear
tooth were eon.strutted to determine surface stress sensi-
tivity to mesh size; see Fig. 13. The density of the fimite
element meshes was increased in the vicinity of the tooth
ftiet until the peak ftiet stress dld not change more than
5%. While the initial boundary element solution indicated
eonvergenee,  two additional mm were made for the pur-
po*  of confirmation. Convergence results are shown in
FQL 14. The computer times of the converged ftite ele-
ment  models range from 3 to 15 times higher  than the
initial  boundary solution. This reprewnts a more reasonable

computer [ill~c c~ll)parison b e t w e e n  t h e  two l]]c[l]~dj

than the previous 2D cases because it is based on the sauc
degree of stress accuracy.

3D srress –

Stresses on the inner diameter of the cylinder are sun}.
marised  in Fig. 15. A strength of materials calculation.
obtained from ref. 2, is also tabulated.  The fiiite element
solution took 1.4 times longer to obtain the same accuracy
in radial surface stress as the Boundary Element Method.
However,  the Finite Element Method took 130 cpu seconds
less time to obtain a radial displacement, which is less than
5% of the theoretical value.

CONCLUSION

Use of the Boundary Element Method can favourabiy
impact engineering productivity by significantly reducing
the model generation and data reduction time. Since the
Boundary Element Method does not require the discretiza-
tion of the interior portion of a structure,  fewer, if any,
errors of geometry are made. Typically,  determination of
surface stresses is a primary objective in structural analysis.
The Boundary Element Method produms surface stresses
in a form which is more easily extracted and interpreted
than the Finite Element Method.  Mao, the mesh point
averaging technique, used in BEASY,  ind ica t e s  t he
accuracy of the solution,  thereby, increasing the analyst’s
confidence in the results. The Boundary Element Method,
unlike the Finite Element Method, calculates stresses and
displacements directly,  thus yielding the same order of
accuracy for both.  In principle,  this means orders of mag-
nitude less boundary elements are required than fiiite
elements for determining st~ess- Use of the discontinuous
boundary elements,  as irt the case of the 3D cylinder model,
allows further reductions in mesh size and modeling time
without reducing solution accuracy.

For the classes of structural applications analyzed, the
boundary element computer solution time is comparable
to the ftite element time. Depending on the solution
accuracy desired, the boundary element solution can tdce
iess time than the Finite Element Method.

One area which requires scrutiny is the analysis of highly
complex threedimensional  stmctures  which require a
large number of elements. There may exist a point where
the time saved in the generation of the model is offset by
the computer solution time.
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