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Crack Analysis by Boundary
Element Method
by A ELZEIN, Bsc  Msc  PhD .
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~*q A simple and efficient approach is proposed for the.:!;, p,, analysis of crack problems occuring  in mechanical.“., v’,b$.’

r:, components \videly  used in the aerospace industry.. .. .,,..,,.. .*..

%fh~ .4 linear stress analysis of the cracked components; ‘X\% ,

*
$! is performed usi n: the engineering analysis system
L,:[. BE.4S}-. based on the boundary element method,  to.>, ‘,.. .,, , derive accurate predictions of the stress intensity fat-.’*.: .-. tors corresponding to either of the three modes Kf,

. .
I<lf or 1<,~,. With tile proposed approach,  the user
has to model only the surface of the component,  as
opposed to iKs volume in finite elements.  Thus, line el-
ements i n 2D and axisymmetric  problems and surface
quadrilaterals or triangles in 3D problems are used to
mesh the components. The approach clearly results
in substantial savings in mesh preparation effort. The
paper w-ill describe the application of the system to
problems in the aerospace field and the convergence
results \vhich  demonstrate the high accurac~( and re-
liability of the technique.

.-..:,>,.
Introduction

do.
The prediction of cracks behaviour in aerospace com-
ponents is a vital element in the design and mainte
nance effort of ai rcrafts. Experiment al investigate ions,
analytical methods and numerical techniques have all
been used and still are to assess the fracture resis-
tance of a mechanical component or to predict the
rate of propagation of an existing crack etc...  The fi-
nite element method is the most general and perhaps
the most commonly used approach for the solution
of fracture mechanics problems.  Albeit successful in
predicting the overall behaviour  of the structure,  the

finite element method is limited in that, unless a very
high number of elements is used in the vicinity of the
crack, it fails to accurately reproduce the stress field
in that area. [n addition,  the method can be costly
both in terms of the human effort required to build
the finite element mesh and the computer resources
necessary to carry out the numerical solution.

The boundary element method (BEM)l has emerged
iu the late seventies as a strong alternative to the fi-
nite element method in a number of scientific fields.

‘f’he B L\[ has il~troduccd two useful concepts into the
field of computational mechanics:  that the problem
under corlsiderat.ion  can be fully and uniquely be de-
fined l)!? its boundary surface rather than its volume
for the purpose o{ analysis  and that integral equatiol;s
can be used in conjunction with p]ll~sical]v relevant
~yeig]lting  [(lnctions  (fundamental solutions) to deri~-e
highly accurate results. In more practical terms, this
means  tilat the user of a boundary e~ement  program
will only  have to discretize the surface of the problem
using line elements for 2D problems and quadrilater-

al or triangles for 3D problems. “It also means that
a relatively small number of elements ~vill  lead to a
reasonable accuracy.

The ad~’anta:es  of the boundary element method  in
fracture mechanics problems have been recognized at
an early stage of the method’s development and prac-
tical applications of the method to fracture problems
are now numerous2. In this paper ho~veverl an aL-
tempt is made to assess both the accuracy and con-
vergence  of a boundary element system (B IZ.4SJ- )3
by analysing  a numbes of practical fracture mechan-
ics problems.

The Boundary Integral Equations of 3D Elas-
tostatics

Boundary integral equaLions  for :3D linear elastostat-
ics can be written as followl:

(1)

where S is the surface of the solid under consider-
ation and V its volume.  P and Q denote the source
and field points, respectively. uj and tj refer to the
displacement and traction fields (i and j are direction
indices).  u; is the displacement at the source point P.
u~j and t~j are the displacement and traction functions
of the Ii”ehin point force solution. ~j is a constant
depending on the smoothness of the boundary at P
and bj are the body  forces.

The volume inLegra\  containing the efYect of bori>
forces can be transformed into a surface one using
a number of available techniques.

The integrals appearing in equations (1) can be nu-
merically  e.~.aiuated by dividing  the boundary of the
problem in:o a finite number of elements and by us-
ing standa:d  integration  procedures.  Either displace-
m e n t s  or ;ractions, in each of the three directions.
\vill be given  ~ boundary conditions to the problem.
If equations (1)  corresponding to each boundary node
are formed. a linear system of equations of the fo]lo\v-
ing  form is obtained:



Where [A] i s  a  matrix  O f  coefficients,  (b)  is a ~xlolvn

vector and (x)  is a vector containing the unknown
tractions and  displacements.

When the distance r between the source point P and
the field point Q approaches zero, singularities of or-
der 1/r and 1 /r2  occur in equations (1). The stan-
dard gaussian integration scheme would then require “
a large number of gaussian points to achieve a rea-
sonable accuracy or, ultimately, it may fail alto-
gether. Special integration techniques,  either ana-
lytical or numerical, are then used to resolve the sin-
gularities.

Once the main system of equations has been solved,
solutions at selected points inside the volume of the
model (internal points) can also be found by using
integral equations similar to equations (l).

Boundary Element Analysis of Fracture Prob-
lems

linear 2D,  axisymmetric or 3D stress analyses can be
.— rformed to predict the stress intensity factors at a

‘%rack  tip. The solid boundary element model of the
fracture problem is built and the correct boundary
conditions applied at either sides of the crack front.
Stress intensity factors can then be calculated from
the resulting displacement or stress field. A bound-
ary element analysis of a fracture mechanics prob-
lems has, in addition to the essential reduction in the
dimension of the problem, a number of other advan-
tages that are perhaps no less important.

As shown in the previous section,  both surface tmc-
tions and surface displacements can be taken as de-
grees o~freedom,  depending on the boundary condi-
tions. This implies that boundary stresses are com-
puted to a higher degree of accuracy than in Finite
Elements where the differentiation of the displace-
ment field induces unwanted inaccuracies in the stress

ulation (stresses inside the domain of the prob-

~-~m can also be accurately computed in boundary
elements if required). In addition,  the use of exact
fundamental solutions as weighting functions in the
formulation  of the problem improves the accuracy of
the predictions and produces a faster convergence of
the results.

Since the fracture mechanics solution is essentially a
usual linear elastostatic  anaiysis,  any crack shape can
be modelled using the standard pre-processing tech-
niques. The stress intensity faciors jor all 3 modes

of fracture can be calculated by using, among other
approaches, Irwin’s equation based on either displace-
ments or stresses2. Accurate estimates of the stress
factor at the crack tip can in fact be obtained by Ex-

trapolating values from either the free or restrained
surfaces of the crack depending on whether displacement-
based or stress-b=ed factors are used, respectively or
using J integrals.  In BEASY, the stress intensity fac-
tors ~rc autonLaiica//Y  coml)uied  by the post-processor
at points selectwl by the user near the crack-

Finally, an important feature of boundary elements
in general and BEASY  i n particular is the concept
of discontinuous elements. lVhen all, or part, of the
elem~nt’s  nodes are inside the element rather than on
its periphery, compatibility ~vith adjacent elements is
not satisfied and such an element is. thus called dis-
continuous. These elements can very useful for two
reasons. They can be used to model,  With high ac-
cu racy, geometric or physical discontinuities  such as
the discontinuity of boundary conditions at the crack
front. Secondly, such elements can be resorted to
when nodes of adjacent elements do not coincide (e.g.
linear element bordering quadratic one...).  This gives
more freedom to the user building the mesh since he
does not have to ensure that the nods coincide.  The
continuity pattern is devised automatically and, al-
though it usually increases the number of degrees of
freedom in the mode!. iL has been found quite useful
in improving the accuracy and saving engineer’s time.

Applications

To illustrate the application of BEM  to fractur~  me-
chanics problems,  tlvo crack problems representing
circular tubes have been analysed  by BEASY.  In both
cases, convergence studies have been performed to as-
sess the solution quality.

Previous applications of BEYf to fracture mechanics
problems have demonstrated the solution to a num-
ber of different crack shapes and components <. This
paper focuses cn edge  cracks in two and three dimen-
sional bodies.

2D analysis of a pressurized tube with an edge
crack

The problem shown in fi=wre 1 is a classicaI  fracture
mechanics problem where a circular tube, With an in-
ner and outer radiuses of J?l and R2 respectively,  is
subjected to an internal uniform pressure p. A crack
of length a has developed along one edge of the tube
and is also loaded by uniform pressure p. Values of
Rl=l., ~2=1.?5, p=l., a= O.125 and a Poisson  ratio
of 0.3 have been used. The analytical stress intensity
factor given by Rooke and Cartwright5 is 1{1=6.43.
Using the problem’s symmetry, a half-model of the
tube cross-section has been built and four different
boundary element models used to assess the conver-
gence of the 1{; stress i~tensity factor calculations
at the crack tip. These results,  presented in table
1, clearly demonstrate ~;-e convergence of the pre-
dictions and show tha[ z relatively coarse boundary
element mesh is required IO achieve a reasonable ac-

curacy.

. . . . . . . . . . . . . . .



Figure la. ~raclied tul>e u n d e r  i n t e r n a l  pressure:
Loading

~Figure lb. Cracked tube under internal pressure:
L

L- boundar}”  e!ement mesh.

Beasy
Prediction

6.63

6.57

6.56

6.54

Im
3.0!% I

I

1.970 !

j

Table 1. Preciictions,j[  I(I s t ress  in tensi ty  factor  of
~n internail~-  pressllrised ruhe \vit}l a n  edge crack.



sllo~sn al {liffercnL positions around  t]le crack front
m e a s u r e d  !J~ aI1’2jlC  Z SilOIVIl  in figure  3. hleshes  1, ?
and 3 col~tai]~ 113, 121. 226 elements  a n d  299.  404.
-.., , .,

UEASY
% Error hlcsh 2
-i.!)% 3650

-1.7% 3575

-?. ?’20 3.37s

.~.~yo 3.2s1

--L(MO 3.354

-0.5’7C 3.7?4

~ Error
-4370

1 s’%

-0.’970

-1.s70

-0.97.

-is%

LIEASY
Mesh 3
3.794

3.505

3.351

3.297

3.347

3.790

% Error
.~.~yo

-0.4%

-1.7%

-1.3Y0

-1.1%

0.0%

.

Table  2. Predictions of [{1 stress intensity factor for
an edge-cri.eked tube under external pressure.

Again. resu![s sllotvil in lahle 2 clearly demonstrate
the con~.-crge!]ce of BE.4S}’  results to those derived
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The linear eiastostatic boundary element solutions of
fracture mechanics  problems lead to highly accurate
and economical  results. Practical problems have been
solved using the boundary element analysis system
BE.\SY  znti  a steady convergence path h= been ob-
served lvhen  the numbers of nodes and elements Jvere
increased. The boundary element method can thus
be conside~eci  to he an at t ract ive al ternat ive to
finite element method for the solution of fracture
chanics profilems.

R e f e r e n c e s

t h e
me-

1

Brebbia  C-A.  and Dominguez J. ‘Boundary  Ele-
ments: an Infroduclion Course . . Computational
Jlechanics  Publications,  Southampton and Boston,
19s9.

Aliab?.ai  J1. H. and Rooke D. P.. \yUmer-ica/  ~rac.
iurc .l;echcnics’,  Computational Afechanics Pub-
lica~ions- Southampton and Boston, 1991.

.BE.4.S }“ ~~ser .s Guide  ., Computational  hlechan-
ics ?c; libations,  1!)90.

.1. Tre. elya]i. 1{..A. .~de~- a n d  A. Elzein. ‘The
use of 3E.4S}”  to pro~-ide a simplified technique
in Ir?.:;urc nlecllanics’,  P r o c e e d i n g s  o~ the jirsf
in~:r~:.:tlonal  confer-cnce  o n  compuier-aided  as-
SCS.<:T:CT:L  and contr-ol Oj localized damage, 13ds
.41j.2bi.~i  Ct al., Computa t iona l  hlechanics Pub-
iici.:ic:. s. Vol 3.


