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Evaluation of the BEASY program using linear and
piecewise linear approaches for the boundary

conditions

J. X. Jia, G. Song, A. Atrens*, D. St John,
J. Baynham and G. Chandler

The boundary element method (BEM) was used to study galvanic
corrosion using linear and logarithmic boundary conditions. The
linear boundary condition was implemented by using the linear ap-
proach and the piecewise linear approach. The logarithmic bound-
ary condition was implemented by the piecewise linear approach.
The calculated potential and current density distribution were com-
pared with the prior analytical results. For the linear boundary con-

dition, the BEASY program using the linear approach and the pie-
cewise linear approach gave accurate predictions of the potential
and the galvanic current density distributions for varied electrolyte
conditions, various film thicknesses, various electrolyte conductiv-
ities and various area ratio of anode/cathode. The 50-point piece-
wise linear method could be used with both linear and logarithmic
polarization curves.

1 Introduction

The study of the galvanic corrosion of magnesium is be-
coming increasingly important as the use of magnesium ra-
pidly increases. Magnesium alloys are the lightest structural
metals and are considered to be promising alternatives to alu-
minium alloys for automotive components due to their low
density and high strength/weight ratio. The corrosion of ma-
gnesium alloys, however is one of the main concerns that li-
mits the application of magnesium in industry [1]. Corrosive
attack may occur via a number of different mechanisms. Of
these, galvanic corrosion is probably the most important for
magnesium because magnesium is the most anodic engineer-
ing metal and consequently corrodes at an accelerated rate
when joined to the other common metals of construction,
such as aluminium or steel. In order to reduce galvanic corro-
sion, it is useful to conduct a detailed analysis of galvanic cor-
rosion occurring on the surface of a magnesium component
coupled with a component made from a dissimilar metal.

Numerical methods have been demonstrated to be powerful
tools in the analysis of corrosion problems in the last two dec-
ades. Numerical methods applied to galvanic corrosion stu-

* A. Atrens, J. X. Jia, G. Song, D. StJohn,
CRC for Cast Metals Manufacturing (CAST),
The University of Queensland,

St Lucia, QLD 4072 (Australia)

J. Baynham,

Computational Mechanics BEASY,

Ashurst Lodge, Ashurst Southampton SO40 7AA
(United Kingdom)

G. Chandler,
Mathematics Department, University of Queensland,
St Lucia, QLD 4072 (Australia)

dies have included the finite difference method (FDM), the
finite element method (FEM) and the boundary element meth-
od (BEM). The BEM has the distinct advantage over the other
two methods in that only the domain boundary of interest is
required to be discrete. BEM needs fewer equations and a
smaller matrix size than FEM and can solve both finite and
infinite domain problems. The BEM is the most flexible
and was the focus of this study.

Application of numerical methods to model galvanic cor-
rosion requires use of the proper expression for the relation-
ship between the potential and current density. Linear expres-
sions and non-linear expressions have been used in the prior
studies [2—8]. Typical polarization curves for magnesium in-
dicated that the current and potential obey a non-linear rela-
tionship. This non-linear relationship must be used if the BEM
is to be applied to the galvanic corrosion problem. Various
curve fitting approaches have been reviewed by Munn [5].
The curve fitting approach required a complicated procedure
to reduce the convergence problem and required additional
parameters to allow equations to be inverted. Particularly
for the more complicated 3-D geometry, no relevant commer-
cial program has been reported. Therefore, a piecewise linear
approach to the non-linear polarization curve was used in this
study. It was assumed that any curve could be approximated as
a combination of a series of small linear segments. This pie-
cewise linear method was implemented using the commercial
program BEASY. Furthermore, BEASY provides the facility
to develop a user-programmable interface to implement var-
ious boundary conditions and BEASY has the ability to handle
large, geometrically complex problems.

The purpose of this paper was to evaluate the accuracy of
BEASY calculations using linear and piecewise linear bound-
ary conditions. The approach taken was to compare the
BEASY calculations against prior modelling results. This pa-
per also investigated the ability of the BEASY program to con-
duct galvanic corrosion modelling by investigating the influ-
ence of the change in electrolyte properties, galvanic cell di-
mensions and the polarization behaviour.
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2 Theory
2.1 Galvanic current density distribution in electrolyte

The initial steady state current density distribution is pro-
duced as a result of the solution resistance and the potential
difference between the anode and the cathode metal surfaces.
The corrosion potentials of magnesium and steel in the same
electrolyte are different, which causes a current to flow
through the electrolyte when the metals are brought into con-
tact.

The equation governing the current flow and the potential
distribution in the electrolyte can be derived from first prin-
ciples. The continuity equation (charge conservation) requires
that the current per unit volume I relates to the charge q by [9]:

0
—v =3 (1)

For a system in steady state, dq/0t = 0. Taking into account
the relationship of electric field intensity, E,

E=- V d)v (2)
and Ohms law
I = KE, 3)

where K is the conductivity of the electrolyte. The continuity
equation transforms to

vKv ¢ =0. (4)

For an electrolyte with uniform, isotropic conductivity, K is
a constant, so that,

Vi =0, (5)

Therefore, for a uniform, isotropic electrolyte, the potential
obeys the equation (5) which is the Laplace equation. The cur-
rent density, at any point inside the electrolyte can be evalu-
ated by:

x 9¢

ox, (6)

Li=—

where 1 ; is the current density in the x; direction, ¢ is the po-
tential.

2.2 Boundary element method

The mathematical formulation has been described by Adey
[10] for a uniform, isotropic electrolyte domain Q as illu-
strated in Fig. 1. The Laplace equation (equation (5)) is solved
using the following boundary conditions:

¢ =y, onTy, (7)
I=1y, onTy, (8)
Io = fa($), on T, 9)
I =fo(¢), onTxy, (10)

0. ¢= ~fa(r)
=-fc(1)  Anode

0 % Cathode

Fig. 1. Basic equations and boundary conditions for the application
of BEM to galvanic corrosion

where I' (=T') + I', + '3, + I'3) is the entire surface of the
electrolyte domain Q, I is the current density across the
boundary, and ¢ is the potential. ¢, and I, are given constant
values of potential and current density respectively. f,(¢) and
f (¢) are linear or non-linear functions that describe the anode
and cathode electrode kinetics respectively.

When using the boundary method to solve the Laplace
equation, the residual weighting function is chosen to mini-
mize the error. The boundary integral expression was derived
as equation (11) by reducing the integral equation [10].

c0)B0) + /r ST (3, 1)dT(x) = /F 1(x)¢* (y,x)dT'(x)
(1)

where ¢* and I'* are the fundamental solutions. The boundary
of the electrolyte is divided into fine boundary elements that
are non-overlaping and cover the whole of the boundary.
Equation (11) can be rewritten as

ci¢i+/r¢1* dl’ = /I_I(,b* dr (12)

Since ' has been approximated by N elements, equation
(12) becomes

N N
i+ | ¢rrdr = Z/ I¢* dT’
j=1 7Lj j=1 7L

where fFj denotes integration over element j. The equations
for all elements can be assembled into a system of linear si-
multaneous equations, which is expressed in a matrix form as
follows:

(13)

H¢p=GI (14)
where H and G are problem influence matrices, and ¢ and 1
represent potential and current density vectors respectively.
The size of the system of equations is defined by the number
of nodes. Partitioning the ¢ and I into those nodes which form
the anode and the cathode regions and applying the boundary
condition of equation (9) and equation (10), gives
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Then equation (15) is solved by an iteration method. The

boundary conditions provide the potential [ia} and the cur-

L] _ [fa(¢a) : ~ e | P
rent |:Ic:| = {fc(d&) } . Solution of equation (15) gives {d)?]

at the n™ iteration for all metal elements: when

n n—1
][] =

where ¢ is the tolerance. This provides the calculated values of
n

the potential [qb%] throughout the boundary. The galvanic

P

current density can be calculated using equations (9) and (10).

(16)

2.3 BEASY implementation of BEM

The boundary element program BEASY was used to imple-
ment the BEM. The input parameters included the physical
geometry of the galvanic couple, the electrolyte conductivity

. ¢ 0} {f ’(d))}
and the boundary conditions of @ and "2 , where
Y [(bco 1(¢)

¢, Was the open circuit potential of the anode; ¢, was the
open circuit potential of the cathode; f(¢) was the function
used in BEASY to represent the anode metal polarization
curve given by equation (9); similarly f/(¢) is the function
representing the cathode metal polarization curve. Two meth-
ods were used with BEASY to introduce the polarization
curve as the boundary condition. These were (1) the linear
approach and (2) the piecewise linear approach. For the linear
approach f/(¢) and f/(¢) were defined as:
f/(¢) = R;l (¢carr - d)) = I(¢) (17)
where R, was the polarization parameter. R, can be deter-
mined for any potential ¢ from the polarization curve as
the cotangent of the line connecting ¢ on the polarization
curve to the open circuit potential point [8],

d)corr - (»b
1(¢)

where ¢, is the open circuit potential and I(¢) is the current
density at the potential ¢. For the linear approach, a particular
value of ¢ must be chosen, so that Rp has a constant value. For
the piecewise linear approach, the polarization curve was di-
vided into small segments, such that for each segment there
was a linear relationship between the potential and current gi-
ven by:

I=f(¢) =k(d—d,) +1a

where k, ¢, and I, were known constants for each line seg-
ment.

R, =

(18)

(19)

3 Linear polarization curve

The accuracy of the BEASY program was first evaluated for
the one dimension example shown in Fig. 2. The electrolyte
was bounded by insulators at x =0, x =a and z =w. The
mesh details are shown in Fig. 3. The boundary of the elec-
trolyte on the surface of the anode and cathode was discretized
into 180 elements. Waber and Fagan [11] have produced an
analytical solution and Aoki and Kishimoto [6] subsequently
studied this problem using the BEM approach. The results of
Aoki and Kishimoto [6] were in a good agreement with the
analytical solution. The boundary conditions were:

I(x,w) =1(0,2) = I(a,z) = 0 (20)

¢(x,0) + R,I(x,0) = ¢, H(x —¢) (21)
where H represents the Heaviside step function and ¢, is a
constant equal to 1.0 V. The linear approach and the 50-point
piecewise linear approach were utilized in the BEASY pro-
gram. For the linear approach, the polarization parameter
R,=0¢ / Jl| was assigned the value of 1.0 for both the anode
and cathode. The potential and galvanic current density dis-
tributions were calculated using the BEASY program and also
using the analytical method [11] along the surface of the gal-
vanic couple for a = 2.0 cm, c/a = 0.5, R, = 1.0, and w/a was
varied from 0.005 to 0.5. The calculated]7 values, Q,, are pre-
sented by the lines in Figs. 4, 6, 8 and 10 and compared with
the value, Q_, of the analytical solution shown by the symbols.

Z
F

Electrolyte

- X

Anode Cathode

Fig. 2. Definition of the geometry for galvanic corrosion in one-
dimension
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Fig. 3. Schematic illustration of the detail of the BEM mesh for the
galvanic corrosion presented in Fig. 2
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Linear Approach

wia=0.5
—wia=0.1
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o
w
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Distance (x/a)

Fig. 4. Calculated values of the potential (full lines) using the lin-
ear approach compared with the analytic solution (symbols) for the
case of a linear polarization curve
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Fig. 5. Error evaluated using equation (22) for the potential calcu-
lated using the linear approach and presented in Fig. 4

Figs. 5,7, 9 and 11 present the error analysis, where the per-
centage error was calculated from

Q=0 100%

error —

(22)

a

For the linear approach, the error in the potential, Fig. 5,
and the current density, Fig. 7, were less than 0.2%, except
for cases when the calculated and analytic values tended to-
wards zero, but nevertheless, the error was always less than
1.4%. For the 50-point piecewise linear approach, the errors
were significantly lower, less than 0.1%.

Further evaluation of the piecewise linear approach was
carried out by changing the conductivity of the electrolyte
from 0.1 to 10 Q' cm~! whilst maintaining the other para-
meters the same with the constant w/a at 0.05. The potential
and galvanic current density distributions calculated by
BEASY were compared with the analytical results [3] in
Figs. 12—13. The effect of the area ratio of anode/cathode
on the potential and current density distributions were also
evaluated. The area ratio of anode/cathode was varied from
1:9 to 9:1. The potential and current density distributions cal-

Linear Approach
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wia=0.1
wia=0.05
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o
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"
o
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Current density (mAlcm2)

Distance (x/a)

Fig. 6. Calculated values of the current density (full curve) using
the linear approach compared with the analytical solution (symbols)
for the case of a linear polarization curve
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Fig. 7. Error evaluated using equation (22) for the current density
calculated using the linear approach and presented in Fig. 6

50-point piecewise linear approach
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Fig. 8. Calculated values of the potential (full curve) using the 50-

point piecewise linear approach compared with the analytical solu-
tion (symbols) for the case of a linear polarization curve
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Fig. 9. Error evaluated using equation (22) for the potential calcu-
lated using the 50-point piecewise linear approach and presented in
Fig. 8

culated from the BEASY program were compared with the
analytical results [3] in Figs. 14, 15. It was found that there
was good agreement between the values calculated using
the 50-point piecewise linear approach and the analytical re-
sults.

4 Logarithmic polarization curve

In most circumstances, the boundary conditions as de-
scribed by equations (9) and (10) are non-linear. In this sec-
tion, the anode and cathode kinetics were assumed to be given
by Tafel equations. The boundary conditions were given by

I(x,w) =1(0,z) =I(a,z) =0 (23)
I(x,0) = IOC{exp [(d)c _ ('b)]
B.
—exp [@] }, forc <x <a, (24)
50-point piecewise linear approach
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— et | +wia=50
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-0.5

Distance (x/a)

Fig. 10. Calculated values of the current density (full curve) using
the 50-point piecewise linear approach compared with the analyti-
cal solution (symbols) for the case of a linear polarization curve

1(x,0) = ,Ou{exp [<¢aﬁa ¢>>}

(¢a — d))

—exp{ }}, for 0 <x <c, (25)

—“Ya

where I, 1,, ¢.. ¢, B B, o, and o, were given constants.
The polarization curves were plotted in Fig. 16 for ¢. = — ¢,
=05V, =0, = =p,=-00V, 1, =1, =
0.1 mAcm’E, k=0.1 Q’fcm’l, where k is the conductivity
of the electrolyte.

This case has been investigated by Doig and Flewitt [12]
using the finite difference method. Subsequently, Aoki and
Kishmoto [6] showed that the BEM was in agreement with
the prior calculations of Doig and Flewitt. This case was ana-
lysed with the piecewise linear approach using the BEASY
program. The values calculated using the BEASY program

+

+
stttk e e e e i e

1 Fig. 11. Error evaluated using equation (22) for
the current density calculated using the 50-point
piecewise linear approach and presented in
Fig. 10
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Effect of conductivity
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Fig. 12. Calculated values of the potential (full curve) using the 50-
point piecewise linear approach compared with the analytical solu-
tion (symbols) in solutions of various conductivities for the case of
a linear polarization curve
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Fig. 13. Calculated values of the current density (full curve) using
the 50-point piecewise linear approach compared with the analyti-
cal solution (symbols) in solutions of various conductivities for a
linear polarization curve

with the 6-point and the 50-point piecewise linear approach
are compared with the values from the finite difference meth-
od [12] in Figs. 17 and 19, and the error analyses are given in
Figs. 18 and 20. The errors were calculated using equation
(22). There was good agreement between the BEASY calcu-
lations using the piecewise linear approach and the results
from the finite difference method. The calculation using
the 50-point piecewise linear approach had a better agreement
than that using the 6-point piecewise linear approach.

5 Discussion

The BEASY program was extensively evaluated against
prior work using the linear approach and the piecewise linear
approach to predict potential and galvanic current density dis-
tributions for various film thicknesses, various electrolyte
conductivities and various area ratios of anode/cathode.

For the linear boundary condition, the calculations using
BEASY with the linear approach and the piecewise linear ap-
proach gave calculated values in good agreement with the

09 F
08
— Ratio al{a+c)=0.1
o —— Ratio alja+c)=0.3
—— —— Ratio al{a+c)=0.5
= —— Ratlo a/{a+c)=0.7
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‘E s Ratio alfa+e)=0.1
o 04 4 Ratio alja+c)=0.3
= Ratio aljat+c)=0.5
03 & Ratio alja+c)=0.7
+ Ratio alja+c)=0.9
0.2
0.1 o
e e L s s ettt

n I
0 02 0.4 0.6 0.8 1

Distance (x/a)

Fig. 14. Calculated values of the potential (full curve) using the 50-
point piecewise linear approach compared with the analytical solu-
tion (symbols) for various area ratios of the anode/cathode for the
case of a linear polarization curve

0E
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—— Ratio af{a+c0.7T
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+
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\“km —— Ratio a/fa+c)=0.3
*

Ratio alfa+c)=0.7
Ratio affa+c)=0.9

Cument density (mAfcm2)

Distance (x/a)

Fig. 15. Calculated values of current density (full curve) using the
50-point piecewise linear approach compared with the analytical
solution (symbols) for various area ratios of the anode/cathode
for the case of a linear polarization curve

prior results as illustrated in Figs. 4, 6, 8, 10, 12 and 13.
The relative error between the BEASY calculated values
and the analytical results (shown in Figs. 5, 7, 9 and 11) in-
dicated that there was only a small discrepancy of less than
0.1%, except when the absolute value of the potential and
the current density tended to be zero. Nevertheless, the discre-
pancy was still acceptable as it was less than 1.4%. The dis-
tribution of the potential and the current density could also be
influenced by the area ratio of anode/cathode. The present
modelling results were in good agreement with expectations.
The current and potential calculation results were close to the
analytical result as illustrated in Figs. 14 and 15.

For logarithmic boundary condition, the 6-point and the 50-
point piecewise linear approaches were used in BEASY pro-
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Logarithmic polarization curves
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Fig. 16. Logarithmic polarization curves for anode and cathode

03 r Effect of number of points
——— B-point piecewise
li h
0.2 —gg?;éiﬁf‘;:gggwise
linear approach
o D.F. result
0.1
S
£ 0
£
o
-0.1
-0.2 |
03 *- Distance (x/a)

Fig. 17. Calculated values of the potential (full curve) using the 50-
point piecewise linear approach compared with the FDM solution
(symbols) for the case of a logarithmic polarization curve
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Fig. 18. Potential distribution discrepancy analysis for the results
of Fig. 17 using equation (22)
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Fig. 19. Calculated values of the current density (full curve) using
the 50-point piecewise linear approach compared with the FDM
solution (symbols) for the case of a logarithmic polarization curve
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Fig. 20. Current density discrepancy analysis for the results of
Fig. 19 using equation (22)

gram. The BEASY modelling results with both of these ap-
proaches were in good agreement with the prior results
(Figs. 17 and 19) [12]. It was found that the accuracy was
in better agreement with the prior result using the 50-point
piecewise linear approach than using the 6-point piecewise
linear approach.

6 Conclusions

1. The BEASY program using the linear approach and the pie-
cewise linear approach gave accurate predictions of the po-
tential and the galvanic current density distributions for var-
ied electrolyte conditions, various film thicknesses and var-
ious electrolyte conductivities for the case of a linear
boundary condition.

2. The effect of the area ratio of anode/cathode was also stu-
died. The 50-point piecewise linear approach gave values
for the potential and the current density distributions which
were in good agreement with the analytical results for the
case of a linear boundary condition.
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3. The 50-point piecewise linear method could be used with
both linear and logarithmic polarization curves.
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